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What is Gradient Descent (GD)?

* When for (most) losses in practice there is no closed-form
solution minimizer (such as the “Normal Equation”), we resort
to numerical iterative methods.

*» Gradient Descent (GD): Iterative optimization algorithm that
gradually tweaks the model parameters to minimize the
loss/cost function over the training set, eventually converging
to the same set of parameters as the “Normal Equation”.

* By repeatedly adjusting the model's parameters in the direction
of the negative gradient (steepest descent), gradient descent

helps the model learn and improve its accuracy. ,

Iterative Optimization

Fort=0,1,...
Wf+1 {*WI“FUV

when stop, return last w as g

* PLA: v comes from mistake correction

» smooth Ej,(w) for logistic regression:
choose v to get the ball roll ‘downhill’?
» direction v:
(assumed) of unit length
= step size
(assumed) positive Weights, w

-sample Error, Ej,
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a greedy approach for some given n > 0:

min Ein(W; + nv)
[[v||=1 \—wv—'
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How to “Roll” Down?

Assume you are at weights w(¢) and you take a step of size n in the direction v.
w(t+1)=w(t)+nv

\\“V(‘ g(‘t to I)i('l{ \} + what’s the best direction to take the step?

Pick v to make Ei,(w(t + 1)) as small as possible.

Linear Approximation

a greedy approach for some given 5 > 0:

min  Ein(W; + V)

vll=1

« still non-linear optimization, now with constraints
—not any easier than miny Ein(w)

» local approximation by linear formula makes problem easier

Ein(W; + V) & Ein(W;) + v V Ein(W;)

if 7 really small (Taylor expansion)

an approximate greedy approach for some given small 7:

min  En(W)+ 1 V' VEqn(w)
[vl|[=1 S — ) v» ' — — 6
known given positive known




The Gradient is the Fastest Way to Roll Down

an approximate greedy approach for some given small 7:

min v VEq(w;)
[lv)=1 ——
known

« optimal v: opposite direction of V Ej,(w¢)
_ _ _VEin(wi)
|V Ein (W)

i . . ‘ VEin(W)
« gradient descent: for small 1, Wy 1 W — nm

gradient descent:
a simple & popular optimization tool J

How to Choose Step Size

7 too small 7 too large variable 7, — just right

small 7

In-sample Exror, E;,

In-sample Error, B,

> step?

Weights, w Weights, w Weights, w

n = 0.1; 75 steps n = 2; 10 steps variable n;; 10 steps




Fixed Learning Rate Gradient Descent (GD)

e =n-|VEw(w(t)) |

VEi(w(t)) | = 0 when closer to the minimum. 1 Initialize at step £ = 0 to w(0).

2 fort=0,1,2,...do
VEp,(w(t)) . Compute the gradient

MV = - Ty
' CIVEL(w(®) ] g = VEu(w(1)). $— (BiST iLED)
vE )| VEi(w(t))
- - TVERtw(t) | - TV Exw(®) | i Move in the direction v, = —g;.

Update the weights:
mv = *I/‘VE“,(W”)) w(t+1) =w(t) +nvi.

e Iterate ‘until it is time to stop’.
= end for
s: Return the final weights.

Gradient descent can minimize any smooth function, for example

i
1 ¢ — W7
E(w) = N E In(1+ e VX « logistic regression 9

n=1

Stochastic Gradient Descent (SGD)

A variation of GD that considers only the error on one data point.

N N
1 T 1

Ey(w) = N Z In(l+e V¥ = i Z e(w,X,,y,)
7 on=1 n=1

e Pick a random data point (x., y.)

. . . 1. The ‘average’ move is the same as GD:
e Run an iteration of GD on e(w, x,, 4,) ”

2. Computation: fraction % cheaper per step:
w(t+ 1)« w(t) — nVyelw,x,,1.) 3. Stochastic: helps escape local minima;

1. Simple;
5. Similar to PLA

Logistic Regression:

N
wit+1)«—w(l)+yx | —
( ) ( ) YuX (l+ (TU‘W'X.>
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(Recall PLA: w(t + 1) « w(t) + y.x.)
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Stochastic Gradient Descent (SGD)

N
Wi < W+ 7 1N ZH (_ynwtrxn) (ynxn)

n=1

~

—V Ein(wy)

e want: update direction v ~ —V Ej,(w;)
while computing v by one single (x,. )
N
» technique on removing 4 >
n=1
view as expectation £ over uniform choice of n!

stochastic gradient:
Vw err(W, Xp, ¥n) with random n
true gradient:

Vw En(W)= & Vi err(w. x, vy) 11
random n
11
Stochastic Gradient Descent (SGD)
stochastic gradient = true gradient + zero-mean ‘noise’ directions J
Stochastic Gradient Descent
« idea: replace true gradient by stochastic gradient
» after enough steps,
average true gradient ~ average stochastic gradient
e pros: simple & cheaper computation :-)
—useful for big data or online learning
» cons: less stable in nature )
12
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Details

* See hand-written notes and discussion in class.
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Code Time

* See assignment and discussion in class.
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Conclusion




Conclusion

* Main idea of GD:
* Start with an initial guess for model’s parameters (weights).

* Compute gradient (vector of partial derivatives) of the loss with respect to the
parameters. The gradient points in the direction of steepest increase.

* Update the parameters by moving them in the opposite direction of the gradient, scaled
by a learning rate (a small step size).
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Ovals show the level set of the objective function
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