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What is Logistic Regression?

* Logistic regression is a classification model.

* A (statistical) method used for binary classification
problems, where the goal is to predict the probability of a
binary outcome (either 0 or 1, yes or no, true or false)
based on input features.

* [t models the probability of the event occurring by
transforming the output of a linear equation using a
logistic function (also known as a sigmoid function).

Regression for Classification




Three Learning Problems
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e Lincar models are perhaps the fundamental model.

e The linear model is the first model to try.

Linear Regression for Classification

Linear regression can learn any real valued target function.
For example y, = +1. (1 are real values!)
Use linear regression to get w with w'x,, sy, = +1
Then sign(w'x,,) will likely agree with y, = £1.

These can be good initial weights for classification.

Example.

Classifying 1 from not 1

Svmmetry

(multiclass — 2 class)

Average Intensity




Linear Regression Linear Regression for Binary Classification

Linear Classification vs. Linear Regression

Linear Classification Linear Regression

y = {-1,+1} Yy = R
h(x) = sign(w’x) h(x) = w'x
err(y.y) = [F#y1 en(y.y) = (7-y)*

NP-hard to solve in general | efficient analytic solution

A

{—1,+1} C R: linear regression for classification?

© run LinReg on binary classification data D (efficient)
©® return g(x) = sign(w/, x)

but explanation of this heuristic? J

Logistic Regression
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e Lincar models are perhaps the fundamental model.

e The linear model is the first model to try.

linear classification

h(x) = sign(s)

- h(x)

A third linear model

d
s = E W4
i=0

linear regression

h(x) = s

Xp

X3

Xd

h(x)
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The formula:

The logistic function 0

soft threshold: uncertainty

sigmoid: flattened out 's’
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Predicting a Probability
Will someone have a heart attack over the next vear?
age 62 years
gender male
blood sugar | 120 mg/dL40,000
HDL 50
DL 120
Mass 190 lbs
Height 510"
Classification: Yes/No
Logistic Regression: Likelihood of heart attack logistic regression = y € [0, 1]

d
hix) =40 (Z -u,u:l:,) = f(w'x)

i=()
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The Data is Still Binary, £1

D= (x1,y1==1), -, (xXn,yn = £1)

Xn + a person’s health information

Yy = £l + did they have a heart attack or not

We cannot measure a probability.

13

We can only see the occurence of an event and try to infer a probability.
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Genuine probability

Data (x,y) with binary y, generated by a noisy target:

f(x) for y = +1;

Plal=) = 1—f(x) fory=—1.

The target f : R? — [0, 1] is the probability

Learn g(x) = 6(w" x) =~ f(x)
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Error measure

For each (x,¥), v is generated by probability f(x)

Plausible error measure based on likelihood:

It h = f, how likely to get y from x7?

h(x) fory = +1;
Py | x) =
1—h(x) fory=—1.
15
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The Probabilistic Interpretation
Suppose that h(x) = 0(wW'x) closely captures P[+1|x]:
O(w'x) for y = +1;
Ply|x) =
1—0w'x) fory=—1
So, if h(x) = O(W'x) closely captures P[+1|x]:
O(w'x) for y = +1;
Ply | x) =
O(—w'x) fory=—1
...or, more compactly,
Ply|x) =0y w'x) 16
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The Likelihood

Ply|x)=0(y - w'x)

Recall: (x1,41),. .., (Xy, yy) are independently generated
Likelihood:
The probahility of getting the vy, ..., yy in D from the corresponding xy, ..., Xy:

N
P(:Ulu cees YN | DS P uxn) = HP(:UH ‘ Xn)-

n=1

17
The likelihood measures the probability that the data were generated if [ were L.
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Maximizing The Likelihood (why?)
N
max [l P(Yn | Xn)
N
< max In (H,, 1 P(yn | Xu))
N
= max ., InP(y, | x,)
: N

& min — %Z”il In P(y, | xn)

- : 1 N 1

= min  {),olnpgpy

= min lZ’\' {7 o—— — lize t model” |
= N 2on=1 Mgy {— we specialize to our “model” here
= mi 1 N =Y WX,

= min >, In(l+e )

N
1 —Yn WX,
E,(w) =— E In(1+4 e ¥% *n
N ] N —— “cross-entropy’’ error
e( h(xn),yn
( ) 18
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e Learning algorithm

19

How to minimize Ej,

For logistic regression,

Elll

2|H

N
> n(1senem=)

Compare to linear regression:

1 N
Em = T n—1U 2
N (WX, — Yn)

n=1

«—— iterative solution

«—— closed-form solution

20

20
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General method for nonlinear optimization
Start at w(0); take a step along steepest slope

Fixed step size: w(1) = w(0) +n Vv

In-sample Error, Ei,

What is the direction v7

lterative method: gradient descent

Em(W)

Weights, w
21
21
Fixed Learning Rate Gradient Descent
m=mn-|VELw(t))|
| VEu(w(t)) | — 0 when closer to the minimum. 1. Initialize at step £ = 0 to w(0).
2 fort=10,1.2,...do
. V E (wit)) 2 Compute the gradient
W = -1 —=——
V Eu(w(t)) | S g = VE.(w(f). £ (Ex 3.7 in LFD)
e "Liniwi(t))
= —n- [VE=tw(l])] TV Eniw(t) | Move in the direction v, = —g,.
Update the weights:
v = —1 - VE,(w(t)) w(t = 1) = w(t) + pv,.
6 Iterate ‘until it is time to stop’.
» end for
s Return the final weights.
Gradient descent can minimize any smooth function, for example
1 o
. _ I
Ein(W) - N E hl(]. +e YuW x}l + logistic regression 2
Yo
22
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Stochastic Gradient Descent (SGD)

A variation of GD that considers only the error on

N
ERUIES PP
h 1

n=

one data point.

AI\‘r
1
- V § 6(W: X, yﬂ)
h 1

n=

e Pick a random data point (x,, y.)

o Run an iteration of GD on e(w, X, 7.)

wit+ 1)« w(t) — nVye(w, x,. 1)

1. The ‘average’ move is the same as GD;

2. Computation: fraction % cheaper per step;
3. Stochastic: helps escape local minima;

4. Simple;

5. Similar to PLA.

Logistic Regression:

wit+ 1)+ w(l)+.x, (

n
1+ eUW X,

(Recall PLA: w(t + 1) « wi(t) + pnx.)
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Details

* See hand-written notes and discussion in class.
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Code Time
* See demonstration and discussion in class.

*See also links in the “Code Examples” for this
Lecture.

27
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Conclusion
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Logistic regression vs. Linear regression

Logistic regression - like linear regression - is a type of linear model that examines the
relationship between predictor variables (independent variables) and an output variable
(the response, target or dependent variable).

Key difference is:

* Logistic regression is used when the outcome is categorical, such as whether a loan is approved
or not.

* Linear regression is used when the output is a continuous value - for example, predicting
someone's credit score.
In logistic regression, the model predicts the probability that a specific outcome occurs.

* For instance, given someone’s financial profile, we might predict the probability that their loan is
approved.

* The output of the model is a value between 0 and 1. Based on a threshold—often 0.5—we
classify the outcome as either "approved" or "not approved."

* Instead of drawing a straight line through the data as we would in linear regression, logistic
regression fits an S-shaped curve to map input values to a probability. 29

29

Summary

* Classification problems (where y is categorical) are everywhere
* Regression losses are not typically appropriate

* Logistic regression: model conditional probability P(y|x) as
sigmoid (then apply usual MLE machinery)

 Softmax classification: generalized to k > 2 classes
* Regularization is still important

30

30
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Recap: The ML Pipeline

Define the task (what type of data, what type of eval metrics?)
Collect and preprocess data

Choose model family/parameterization

Choose training loss

For each choice of hyperparameters:
» Optimize model (minimize loss) on training data
+ Evaluate on validation data

Pick best hyperparameters according to validation performance
6. Evaluate final model on test data

i

o

31
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