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Nonparametric models 
k Nearest Neighbours (kNN)

3

Parametric vs non-parametric
• A model is parametric if number of parameters does not depend on 

number of samples

4

• A model is non-parametric (does not mean absence of parameters!) 
if number of parameters increases with number of samples

[*B2-Murphy] Kevin Murphy, Probabilistic Machine Learning: An Introduction, 2022. (Free PDF online). 

3
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https://probml.github.io/pml-book/book1.html
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K Nearest Neighbors (KNN)

• Assume we have a classification task

• To classify a new point x:
• Find its k nearest neighbors in the training data

• Set y to be the majority vote of the labels of these nearest neighbors

• Design choices / hyperparameters:
• Number of nearest neighbors

• Distance metric

• Aggregation method

5

K nearest neighbor (KNN) classification

6
[*B2-Murphy] Kevin Murphy, Probabilistic Machine Learning: An Introduction, 2022. (Free PDF online). 

5

6

https://probml.github.io/pml-book/book1.html
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Example: Bayes classifier
(See Appendix A)

7[B2-Hastie] Trevor Hastie, The Elements of Statistical Learning, 2017. (ESL, Free PDF online). 

Linear decision boundary

k=15 nearest neighbors 
boundary

8[B2-Hastie] Trevor Hastie, The Elements of Statistical Learning, 2017. (ESL, Free PDF online). 

k=1 nearest neighbors 
boundary

Overfitting

7

8

https://hastie.su.domains/ElemStatLearn/printings/ESLII_print12_toc.pdf.download.html
https://hastie.su.domains/ElemStatLearn/printings/ESLII_print12_toc.pdf.download.html
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k nearest neighbors error

9[B2-Hastie] Trevor Hastie, The Elements of Statistical Learning, 2017. (ESL, Free PDF online). 

• A single training sample of size 200 was used, and 
a test sample of size 10,000.

• “Training” means initial data samples that are 
stored in the memory and used for 
predictions. Does not have the same 
meaning as in “optimization of parameters θ“

• The orange curves are test and the blue are 
training error for k-nearest-neighbor classification. 

• The results for linear regression are the bigger 
orange and blue squares at three degrees of 
freedom. 

• The purple line is the optimal Bayes error rate.

Overfitting

Underfitting

Notable distance metrics and Level sets

10

9

10

https://hastie.su.domains/ElemStatLearn/printings/ESLII_print12_toc.pdf.download.html
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Example: distance metrics with k=1 NN

11

• Voronoi diagram - partition of a plane into regions - each region consists of all points closer to 
one specific point.

• Constructed by drawing lines equidistant from pairs of points; forming convex polygons (or cells) 
around each point.

1-NN classification: Theoretical guarantees

12

11

12
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The curse of dimensionality
“the silent killer of all local, distance-based methods”

• When data lives in a high-dimensional space makes algorithms - 
that rely on local neighborhoods, distances, or density 
estimation - behave poorly as dimension 𝑑 increases.

• For kNN (predicts based on local neighborhood around a query 
point), curse manifests as:
• Neighborhoods become sparse — almost every point is far away.

• Distances become uninformative — all points look roughly equally distant.

• Local averaging becomes high-variance and requires exponentially more 
data.

13

The curse of dimensionality

14
[*B2-Murphy] Kevin Murphy, Probabilistic Machine Learning: An Introduction, 2022. (Free PDF online). 

13

14

https://probml.github.io/pml-book/book1.html
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Curse of dimensionality

15
X is uniformly distributed in [0,1]d. What is P(X ∈ [0,1]d)?

How many samples do we need so that a nearest neighbor is within a cube of side-length s?

Curse of dimensionality

16

Exponential Decay of Local Volume with Dimension
By 𝑑 = 5, fraction of nearby space is already essentially 
zero - meaning “local region” becomes almost empty

Distance Concentration in High Dimensions
As 𝑑 grows:
All distances cluster tightly around a mean value.
Difference between nearest and farthest neighbors becomes negligible.
So, “near” and “far” lose meaning = destroying the foundation of kNN.

15

16
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Mitigation Strategies – How to Deal with the Curse

•Feature Selection / Dimensionality Reduction
• PCA, autoencoders, manifold learning - reduce effective 

dimensionality.

•Distance Metric Learning
• Learn a Mahalanobis or cosine-based metric to focus on 

informative subspaces.

•Kernel and Smoothing Methods
• Replace discrete neighbors with smooth Kernels

17

KNN Regression

• KNN regression is a non-parametric method used for 
predicting continuous values. 

• The core idea is to predict the target value for a new data 
point by averaging the target values of the K nearest 
neighbors in the feature space. 

• The distance between data points is typically measured 
using Euclidean distance, although other distance metrics 
can be used.

18

17

18
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Nearest-neighbor Regression

19

• Small k: prediction uses few 
neighbors, fits local noise:
• low bias, high variance

• Large k: averages over many distant 
points, smooths too much:
• high bias, low variance

Bias-Variance Tradeoff

20

k=1: memorizes training data → low bias, high variance.
k→n: averages the entire dataset → high bias, low variance.
Somewhere in between lies the sweet spot that minimizes test error.

19

20
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K-Nearest Neighbors Demo
• http://vision.stanford.edu/teaching/cs231n-demos/knn/ 

21

Support Vector Machines (SVM)

22

21

22

http://vision.stanford.edu/teaching/cs231n-demos/knn/
http://vision.stanford.edu/teaching/cs231n-demos/knn/
http://vision.stanford.edu/teaching/cs231n-demos/knn/
http://vision.stanford.edu/teaching/cs231n-demos/knn/
http://vision.stanford.edu/teaching/cs231n-demos/knn/
http://vision.stanford.edu/teaching/cs231n-demos/knn/
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Main Idea
• An SVM is a supervised learning model for binary classification that finds the 

maximum-margin hyperplane separating two classes.

• It aims to find the decision boundary that not only separates the classes but does so 
with the largest possible margin (distance to the nearest data points).

23

Linear Separation

24

Margin Definition

23

24
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Maximum Margin Formulation

25

“Street”

26

25

26
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Soft Margin SVM (Non-Separable Data)

27

28[*B3-Geron] Aurelien Geron, Hands-On Machine Learning with Scikit-Learn, Keras, and TensorFlow, O'Reilly, 2022. 

27

28

https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
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29[*B3-Geron] Aurelien Geron, Hands-On Machine Learning with Scikit-Learn, Keras, and TensorFlow, O'Reilly, 2022. 

Dual Formulation (See Appendix B for details)

30

• Dual problem is faster to solve than 
the primal one when the number of 
training instances is smaller than 
the number of features.

• Dual problem makes the kernel trick 
possible (primal problem does not!)

29

30

https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
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The Kernel Trick

31

Heads-up summary of Kernel Trick:
• Feature map dot products are substituted by 

inner products of train data points.
• These products have same expression of what

we define as kernel function.
• Kernel function is computed very fast.
• See later section on Kernel Methods for more

32[*B3-Geron] Aurelien Geron, Hands-On Machine Learning with Scikit-Learn, Keras, and TensorFlow, O'Reilly, 2022. 

31

32

https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
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33

SciKit-Learn
Classification

34

SciKit-Learn
Classification

33

34
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35

SciKit-Learn
Regression

Kernel Methods
Bootstrap

36

35

36
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Main Idea
• Initial (train or input) dataset has samples (datapoints, d-dimensional) that are not 

linearly separable

• Idea: Use Feature Maps φ(x) to transform input d-dimensional space into p>>d 
dimensional feature space where (hopefully) transformed samples will be linearly 
separable.

• But issue: in transformed p-dimensional space, one must compute φ(x) themselves 
and operations like dot-product on them (as part of optimization algorithm such as 
SVM, or GD) – this is computationally and memory expensive!

• Solution to this issue: Kernel Trick 
• For some Feature Maps, dot-products of φ(x) have the same expression as dot(inner)-

products of train samples themselves! 
• Now, call/define that expression as Kernel Function – which is much easier and faster to 

compute, when done from working directly with products train samples themselves 
perspective! 

• This observation, allows us to “replace” the “calculation of φ(x) and their products” with 
“calculations of input sample products” – eliminating the need to even know φ(x)! (we 
only know that, that substitution is valid)

37

What if the data is not linearly separable?

38

• High dimensional feature spaces make it easier to linearly separate 
different classes

• However, hard to know which feature map will work for given data

37

38



20

39https://pages.hmc.edu/ruye/MachineLearning/lectures/ch8/node10.html

40https://pages.hmc.edu/ruye/MachineLearning/lectures/ch8/node10.html

39

40
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Creating Features

41

Creating Features

42

41

42
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Problem: High-Dimensional φ(x) is Expensive

• Explicitly computing 𝜙 𝑥  for large 𝑝 is often impossible (e.g., infinite for 
Gaussian kernels).

• Luckily, most learning algorithms (SVM, ridge regression, etc.) only use inner 
products of feature vectors: ⟨ϕ(x​),ϕ(x’​)⟩

• So, if we can compute these inner products directly without ever computing 
𝜙 𝑥 , we can operate in high-dimensional spaces implicitly.

• Kernel Trick: define a Kernel Function: 𝐾(𝑥, 𝑥′) = ⟨ϕ(x​),ϕ(x’​)⟩

• Then, we can replace all inner products in our learning algorithm by 𝐾(𝑥, 𝑥′).

43

The Kernel Trick

44
https://ocw.mit.edu/courses/15-097-prediction-machine-learning-and-statistics-spring-2012/resources/mit15_097s12_lec13/

43

44
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How do we deal with high-dimensional data?

45

Main idea: computing inner products can be much more efficient than explicitly computing the 
(very high-dimensional) features

Kernels are much more efficient to compute than features

46

45

46
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Examples of popular Kernels

47

Matrix K is symmetric, positive-semidefinite (positive eigenvalues)

48
https://ocw.mit.edu/courses/15-097-prediction-machine-learning-and-statistics-spring-2012/resources/mit15_097s12_lec13/

47

48
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49[*B3-Geron] Aurelien Geron, Hands-On Machine Learning with Scikit-Learn, Keras, and TensorFlow, O'Reilly, 2022. 

High-level Example: Features vs. Kernels

50
Prediction requires inner product in Feature space!
Can be replaced by Kernel, which makes computation feasible!

See APPENDIX C

49

50

https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
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51

See APPENDIX D for 
more details on RBF

Example:

52

51

52
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How do you choose a Kernel?

• Choosing a kernel function is one of the most important design 
decisions in kernel methods (e.g., SVMs, Gaussian processes, Kernel 
Ridge Regression, etc.), because it defines the geometry of similarity 
in your feature space — effectively the model’s “bias” about what 
patterns are learnable.

53

Common kernel families and their intuition

54

53

54



28

Heuristics for choosing the kernel

55

56

Heuristics for choosing the kernel

55

56
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Fixed Feature vs. Learned Feature

57

Deep Learning? CNNs, DNNs can “generate” 
features automatically for us.

Bootstrap
Measuring uncertainty for your model

58

57

58
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What the bootstrap does (intuition)

59

Core nonparametric bootstrap algorithm

60

59

60
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Confidence Intervals (popular choices)

61

Bootstrapping: doing something seemingly impossible

62

61

62
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63

Bootstrapping: doing something seemingly impossible

Confidence interval

64

63

64
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65

Confidence interval

Bootstrap

66

65
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67

Bootstrap

68

67

68
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Takeaways

69

70

PART 2
Code Time!

69

70
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Code Time

71

•See demonstration and discussion in class.

•See also links in “Code Examples” for this Lecture 
Assignment.

72

Conclusion
Takeaways

71

72
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KNN

• In kNN, there are no parameters to learn.

•Model is literally the dataset itself.

•kNN does not optimize anything 
• It stores the training data in memory – to be used for 

future predictions.

73

Kernel methods = nonlinear power + linear elegance, using similarity 
functions to project data implicitly into rich feature spaces

• Kernels turn linear algorithms into nonlinear ones 

74

• Kernel functions measure similarity between datapoints

• Learning with kernels = linear combination of training examples

73

74
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Appendix A – The Bayes Classifier

76
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76

https://amlbook.com/slides.html
https://www.cmpe.boun.edu.tr/~ethem/i2ml3e/
https://www.cmpe.boun.edu.tr/~ethem/i2ml3e/
https://www.cmpe.boun.edu.tr/~ethem/i2ml3e/
https://www.cmpe.boun.edu.tr/~ethem/i2ml3e/
https://www.cmpe.boun.edu.tr/~ethem/i2ml3e/
https://courses.cs.washington.edu/courses/cse446/25sp/
https://courses.cs.washington.edu/courses/cse446/25sp/
https://courses.cs.washington.edu/courses/cse446/25sp/
https://courses.cs.washington.edu/courses/cse446/25sp/
https://courses.cs.washington.edu/courses/cse446/25sp/
https://alliance.seas.upenn.edu/~cis520/dynamic/2022/wiki/index.php?n=Lectures.Lectures
https://alliance.seas.upenn.edu/~cis520/dynamic/2022/wiki/index.php?n=Lectures.Lectures
https://alliance.seas.upenn.edu/~cis520/dynamic/2022/wiki/index.php?n=Lectures.Lectures
https://alliance.seas.upenn.edu/~cis520/dynamic/2022/wiki/index.php?n=Lectures.Lectures
https://alliance.seas.upenn.edu/~cis520/dynamic/2022/wiki/index.php?n=Lectures.Lectures
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/ageron/handson-ml3
https://github.com/rasbt/machine-learning-book
https://github.com/rasbt/machine-learning-book
https://github.com/rasbt/machine-learning-book
https://github.com/rasbt/machine-learning-book
https://github.com/rasbt/machine-learning-book
https://www.statlearning.com/resources-python
https://www.statlearning.com/resources-python
https://www.statlearning.com/resources-python
https://www.youtube.com/playlist?list=PLoROMvodv4rMiGQp3WXShtMGgzqpfVfbU
https://www.youtube.com/playlist?list=PLoROMvodv4rMiGQp3WXShtMGgzqpfVfbU
https://www.youtube.com/playlist?list=PLoROMvodv4rMiGQp3WXShtMGgzqpfVfbU
https://www.youtube.com/playlist?list=PLoROMvodv4rMiGQp3WXShtMGgzqpfVfbU
https://www.youtube.com/playlist?list=PLoROMvodv4rMiGQp3WXShtMGgzqpfVfbU
https://www.richard.povinelli.org/teaching
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Appendix B – Dual Formulation of the Support Vector Machine (SVM)
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Appendix C  – Representer Theorem underlies Kernel Methods
Optimization (gradient descent trajectory) lives in a finite-dimensional 
subspace even when the feature space is infinite-dimensional

Linear model in feature space

87

88
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Gradient descent updates stay in the span of training features

90

At the optimum: Representer Theorem

89
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91https://pages.hmc.edu/ruye/MachineLearning/lectures/ch8/node10.html

Appendix D – First: define RBF (Radial Basis Function) Kernel 

92https://pages.hmc.edu/ruye/MachineLearning/lectures/ch8/node10.html

91
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Second: Use RBF (Radial Basis Function) Kernels

93

94
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