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PART 1
Principal Component Analysis (PCA)
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Unsupervised vs. Supervised learning
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The Curse of Dimensionality

4[*B3-Geron] Aurelien Geron, Hands-On Machine Learning with Scikit-Learn, Keras, and TensorFlow, O'Reilly, 2022. 
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Approaches for Dimensionality Reduction:
Projection
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Approaches for Dimensionality Reduction:
Manifold Learning 

The Swiss roll is an example of a 2D manifold. Put simply, a 2D manifold is a 2D shape that can be bent 
and twisted in a higher-dimensional space. More generally, a q-dimensional manifold is a part of an d-
dimensional space (where q < d) that locally resembles a q-dimensional hyperplane. In the case of the 
Swiss roll, q = 2 and d = 3: it locally resembles a 2D plane, but it is rolled in the third dimension.
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Principal Component Analysis (PCA)
• PCA is by far the most popular dimensionality reduction algorithm.

• First, it identifies the hyperplane that lies closest to the data

• Then, it projects the data onto it.

• Choosing the hyperplane: preserve the variance
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Principal Components
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How to Find Principal Components?
• So, how can you find the principal components of a training set? 

• Standard matrix factorization technique called Singular Value Decomposition (SVD)
• Can decompose the training set matrix X into the matrix multiplication of three matrices U Σ V⊺, 

where V contains the unit vectors that define all the principal components:
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• Projecting down to q dimensions
• Once you have identified all the principal components, you can reduce the 

dimensionality of the dataset down to q dimensions by projecting it onto the 
hyperplane defined by the first q principal components. 

• Compute the matrix multiplication of the training set matrix X by the matrix Vq, 
defined as the matrix containing the first q columns of V:

Xproj = XVq

See APPENDIX A
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NumPy

SciKit-Learn
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PCA for compression
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PCA finds a compact linear representation
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Principal components: 
• Patterns that capture the distinct features 

of the samples
• We can represent each sample as a 

weighted linear combination of, say, q=25 
principal components, and just store the 
weights, z[1..25]

https://en.wikipedia.org/wiki/Eigenface 

• With q=25, to store n images, it requires memory of only:
d × q + q × n ≪ d × n

10 principal components give a pretty good
reconstruction of a face
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Reconstruction error 
decreases as q increases

q=1 q=2 q=3 q=4

q=10

q=7 q=8 q=9
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PCA: a high-fidelity linear projection
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Coefficients/Weights

Basis vectors (dxq). Each column is a basis face

Projection matrix: projects onto q-dimensional linear 
subspace embedded into original high d-dimensional space
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PCA: a high-fidelity linear projection
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PCA: a high-fidelity linear projection
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PCA: a high-fidelity linear projection

See APPENDIX B
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Choosing the right number of dimensions q
• Instead of arbitrarily choosing the number of dimensions to reduce 

down to, it is simpler to choose the number of dimensions that add 
up to a sufficiently large portion of the variance (e.g., 95%)

• Plot the explained variance as a function of the number of 
dimensions
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Summary table
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PART 2
Code Time!

Code Time
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•See demonstration and discussion in class.

•See also links in the “Code Examples” for this 
lecture assignment.
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Conclusion
Takeaways
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PCA: a high-fidelity linear projection
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Appendix A: Derivation of the connection between PCA and the 
Singular Value Decomposition (SVD)
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1) Start with centered data

2) PCA formulation
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3) Now introduce the SVD

4) Relate SVD to covariance
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5) Truncated (q-dimensional) PCA via SVD

Summary
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Appendix B: Minimizing reconstruction error is equivalent to 
maximizing the variance of the projected datapoints

29

30

29

30



16

31

32

31

32


	Slide 1: Dimensionality reduction, PCA
	Slide 2: PART 1 Principal Component Analysis (PCA)
	Slide 3: Unsupervised vs. Supervised learning
	Slide 4: The Curse of Dimensionality
	Slide 5: Approaches for Dimensionality Reduction: Projection
	Slide 6
	Slide 7: Principal Component Analysis (PCA)
	Slide 8: Principal Components
	Slide 9: How to Find Principal Components?
	Slide 10
	Slide 11: PCA for compression
	Slide 12
	Slide 13: PCA finds a compact linear representation
	Slide 14: 10 principal components give a pretty good reconstruction of a face
	Slide 15: PCA: a high-fidelity linear projection
	Slide 16
	Slide 17
	Slide 18
	Slide 19: Choosing the right number of dimensions q
	Slide 20: Summary table
	Slide 21: PART 2 Code Time!
	Slide 22: Code Time
	Slide 23: Conclusion Takeaways
	Slide 24
	Slide 25: References and Credits
	Slide 26: Appendix A: Derivation of the connection between PCA and the Singular Value Decomposition (SVD)
	Slide 27
	Slide 28
	Slide 29: Appendix B: Minimizing reconstruction error is equivalent to maximizing the variance of the projected datapoints
	Slide 30
	Slide 31
	Slide 32

